A predictive theory to study the nonlinear development of the perturbations in a channel with a lateral gradient in the streamwise velocity due to the presence of bank vegetation is presented. The ratio between the undisturbed parallel velocities in the vegetated and non-vegetated zones is taken as the expanded parameter at the weakly nonlinear stability analysis, along with its corresponding wavenumber at a critical condition where the perturbations nor grow nor decay. In most cases evaluated herein, we have supercritical bifurcation, where the amplitude of the perturbations is found to reach an upper bound as time tends to infinity. We find reasonable agreement between predicted and experimental results for the time-averaged velocity profile, kinematic eddy viscosity, shear layer width and maximum friction velocity.
INTRODUCTION
Parallel shear flows are commonly observed either in geophysical flows, e.g. flows in compound channels, flows in channels with lateral varying bottom roughness, flows in channel containing lateral vegetation, as well as in engineered flows, such as flows adjacent to foams, filters and packed beds 1, 2) . The lateral velocity gradient may induce flow instability and the generation of large scale horizontal vortices, which have a strong influence on the velocity distribution and the flow discharge of a channel. Various works on instability in channels with lateral velocity gradients have been performed. However, we will focus only on major theoretical studies herein.
Chu et al. 3) , Ikeda et al. 1) and White and Nepf 2) have performed linear stability analysis of shear flows. In these studies, the Reynolds stress was either dropped or empirically determined, reducing the perturbation equations into modified Rayleigh equations. Due to the exclusion of the Reynolds stress in the formulation of Chu et al. 3) for channels with varying flow depth and varying bottom roughness, the lateral gradient of the streamwise velocity could be reproduced only with the assumption that the flow depth or the bottom roughness varied gradually across the channel. Ikeda et al. 1) , in the linear stability analysis of a partially vegetated channel flow, obtained the base state flow with the use of the St. Venant shallow water equations including the Reynolds stress expressed by the lateral kinematic eddy viscosity empirically determined. In the perturbed problem, however, the Reynolds stress and the variation of the water surface elevation were dropped.
We performed a weakly nonlinear analysis of flows in channels partially covered with vegetation and found that the instability is characterized by supercritical bifurcation in most of the cases 4) . In this study, we extend the weakly nonlinear stability analysis to obtain the flow distribution and the eddy viscosity resulted by horizontal vortices generated by the instability.
We also employ the St. Venant shallow water equations with the Reynolds stress. In the base state, the temporal and spatial variations of flow vanish except for the lateral variation of the streamwise velocity. This base state flow field is simply the flow undisturbed by the vortices, which is different from the time average of the flow affected by fully-developed horizontal vortices. We then employ a theoretical kinematic eddy viscosity representing turbulence with a length scale smaller than the flow depth. The perturbations are imposed on the base state flow velocity and flow depth.
FORMULATION
We assume that water is flowing though a wide rectangular open-channel with a lateral vegetated region, as depicted in the conceptual diagram of Fig.  1 . The vegetation is emergent and rigid and is approximated into regularly spaced cylinders with uniform diameter. The model of vegetation employed herein has been widely used in previous studies (e.g. Refs 1, 2, 5, 6, 7, 8) .
The momentum equations in the streamwise and transverse directions and the continuity equation are (1) (2) (3) where is time, is the streamwise direction coordinate, is the transverse direction coordinate, and are the velocities in the and directions, respectively, is the flow depth, and are the and components of the bed shear stress, and and are the and components of the drag force due to the vegetation, ,
The variables in (1)- (5) have been rendered dimensionless in the form (6a,b,c,d) where and are the velocity and flow depth in the region sufficiently far from the vegetated zone, and is the width of the non-vegetated zone. The tilde is used to indicate dimensional variables. The normalized transverse coordinate extends from to 1, and its origin lies at the interface between the non-vegetated and vegetated zones. is the normalized width of the vegetated zone.
The non-dimensional parameters , , and , included in the governing equations (1)- (5), are where is the bed friction coefficient, assumed as a constant for simplicity, is the kinematic eddy viscosity, is the gravity acceleration, is the drag coefficient of vegetation and is a parameter which describes the density of vegetation given by , where is the diameter of the cylinders and and are the distances between two adjacent cylinders in the and directions respectively.
We assume that, in the base state before instability occurs, the flow is already affected by turbulence, the length scale of which is smaller than the flow depth. Therefore, the kinematic eddy viscosity should correspond to the sub-depth scale turbulence. Using the velocity and shear stress distribution along the flow depth resulting from the sub-depth scale turbulence, the following depth-averaged formulation of is obtained: (8) where is the Karman constant ( 0.4) and is the friction velocity sufficiently far from the vegetated zone. We assume that the sub-depth scale turbulence is isotropic. As a consequence, the above formulation is expected to describe the Reynolds stresses in the streamwise and lateral directions as well. Although the kinematic eddy viscosity in the horizontal direction is known to be larger than (8), we assumed that the increase in the kinematic eddy viscosity is caused by large scale horizontal vortices generated by instability. Therefore, the kinematic eddy viscosity in the horizontal direction in the base state before instability takes place is expressed by (8) .
Although obtained for the region far from the vegetation, formulation (8) can represent the depth-averaged kinematic eddy viscosity in the shear layer and the vegetated zone, according to the experimental results of Ikeda et al. 5) . This may be attributed to the fact that, though the bed shear stress I_74 is reduced in the shear layer and the vegetated zone, the sum of the bed shear stress, the Reynolds stress and the vegetation drag force is constant. The kinematic eddy viscosity may be correlated to the total resistant force. Furthermore, in Ikeda et al. 's 5) experiments, the flow depth and the spacing of vegetation both are in the same range, so that the kinematic eddy viscosity in the vegetated zone may not be strongly affected by the vegetation.
At the walls, we assume that the streamwise velocity asymptotically approaches to constant values, while the transverse velocity vanishes. Thus, the following conditions hold: (9a,b) Right at the boundary between the non-vegetated and vegetated zones, the velocity components, the flow depth and the shear stresses are continuous, (10) 
LINEAR THEORY
A temporal linear stability analysis is employed herein. The velocities and flow depth then expanded in the form (11) (12) (13) In the scheme of temporal linear stability analysis, the wavenumber is real, while is complex as , where is the angular frequency and is the growth rate of the perturbations. The amplitude A is assumed to be infinitesimally small in the linear analysis.
In the base state normal flow, the streamwise velocity is a function of the transverse coordinate y only, the transverse velocity vanishes and the flow depth is constant and equal to 1. Following these assumptions in governing equations (1)- (3) and conditions (9a,b)-(10), we obtain the following explicit analytical solution for the base state streamwise velocity 4) : (14) where is the ratio between the undisturbed velocities in the vegetated ( ) and non-vegetated ( ) zones sufficiently far from the interface between them, which is related to the non-dimensional parameter as (15) and is velocity at the boundary between the two zones, which has a relation with as (16) Contrarily to the base state, the equations resulting from the introduction of the perturbation expansions (11)-(13) into (1)-(3) (as well as into the conditions (9a,b)-(10)), with terms containing vanishing, do not admit analytical solutions. We then employ a spectral collocation method with the Chebyshev polynomials. The detailed method can be found in Lima and Izumi 4) . After some algebraic manipulation, the system of equations takes the functional form (17) Therefore, there are six important parameters which determine the growth rate . We will take, however, the ratio of undisturbed velocities , which is a function of , only, as the expanded parameter in the nonlinear stability analysis. The dependence of the growth rate on and is studied in Fig. 2 . When is positive, the perturbations grow as time progresses, while when is negative, the perturbations decay to vanish. The thick solid line in the figure indicates the neutral instability, on which and the perturbations do not grow nor decay and divide the plane into stable ( ) and unstable regions ( ). In Fig. 2, is negative in the range of sufficiently small or large values of k, and typically reaches a maximum value between them. It follows that as a function of k commonly possesses a characteristic wavenumber with an associated maximum growth rate . In the range of large , the flow is stable, as already pointed out by Chu et al. 3) and White and Nepf 2) . A large corresponds to a small , or more specifically, a small vegetation drag or density , since the other parameters included in , i.e. the flow depth and the bottom friction coefficient , were kept constant. When is extremely small, the flow is also found to be stable because when is sufficiently large, the vegetated zone becomes like a cavity region, and the strong retardation effects damp the large scale horizontal vortices. It is important to highlight, however, that in the present analysis we assume that the eddy viscosity in the vegetated zone can expressed by (8) because the length scale of the vegetation spacing has the same range of the flow depth. This assumption may no longer be valid in the range of small . Although the contours might not be precise in the range of small , they are at least qualitatively correct because the flow is expected to be stable in the range of small .
WEAKLY NONLINEAR STABILITY ANALYSIS
The neutral state obtained from the linear stability analysis is deviated towards the unstable region as (18a,b) where is a value of which lies on the neutral curve, is its corresponding wavenumber and is the expansion parameter, defined in (18a). Except for the region where is sufficiently small, we have that the flow is stable if . For this reason, the sign in the expression of the expansion of is negative. As stated in the previous section, the results in the range of small might not be quantitatively reliable. Therefore, this range of neutral stability will not be considered for expansion in the present analysis. The parameter is introduced to correlate the expansions of and . We employ a multiple-scale analysis, where the time scale variation of the amplitude is , which is much slower than the variation of the wavelike part of the disturbance. The slow time scale is defined as (19) From the above relation, the time derivative becomes (20) The non-linear interactions of the fundamental wave are generated from the order of . We then expand the velocities and flow depth in the form The fundamental perturbations at are assumed to have the form
where , is the complex conjugate of the preceding term and is the wavenumber corresponding to and . At , the fundamental perturbations are assumed to have the form (27) (28) (29) where is the complex conjugate of the amplitude .
Finally, the fundamental perturbations at take the form
The nonlinear expansions are substituted into the governing equations (1)- (3) 
is reached as . In such case, the time-averaged velocity profile can be determined. Fig. 3 presents a comparison between the base state velocity and the time-averaged normalized velocity , referent to run 3 (as in Table 1 ) of the experiments described in Ikeda et al.
5) The gradient of is milder due to the mixing layer around the boundary between the non-vegetated and vegetated zones . Fig 4 presents normalized fluctuating  velocity (i.e., ) vectors up to the order of , also referent to run 3.
RESULTS AND DISCUSSION
The predictive analysis developed herein was compared with the results of the laboratory experiments of Ikeda et al. 5) and White and Nepf 2) . . In their experiments, vortices were generated in a channel featuring a lateral array of pile dikes. The major hydraulic variables of the evaluated runs are presented in Table 1 . We obtained supercritical bifurcation for most cases, with the exception of runs II, III and XI, although in the experiments an equilibrium amplitude was also observed in these runs. Runs II, III and XI have in common the small aspect ratio , which is a less favorable condition for the perturbations to grow in time 4) . Changes in the time-averaged flow velocities and flow depth due to a change in the velocity distribution are reflected by the variables with the subscript 20 in the second order.
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(1) Time-averaged velocity
A comparison between the time-averaged velocity profile theoretically determined herein and measurements of Ikeda et al. 5) is presented in Fig. 5 .
The present model reproduces well the velocity gradient around the shear layer. However, the observed gradient may be slightly shifted towards the non-vegetated region, as in (a) and (c). This is because in the mathematical model employed herein, the drag force due to vegetation is assumed as zero at the immediate vicinity of the edge of the vegetated region, as in (5), while a non-zero vegetation drag force may actually extend slightly into the range of small positive . The boundary layer at the vicinity of the walls is not reproduced by the theory, since we did not make use the condition of vanishing streamwise velocity at the walls, which is difficult to be used in the shallow water formulation.
(2) Maximum friction velocity and shear layer width Table 2 presents a comparison between observed and predicted values of maximum friction velocity and shear-layer width , and the agreement is found to be reasonably good. The maximum friction velocity is determined from the following relation, expressed in White and Nepf 2) , (35) where and are the fluctuations of and . The above definition for the friction velocity is employed herein just in the present compariso n between theoretical and experimental results. It was not employed when determining the eddy viscosity in (8) . Hence expression (35) can only be used when the perturbed sate has already been determined, contrarily to (8) . The predicted was found to take place at the interface between the non-vegetated and vegetated zones.
The shear layer width , is measured by the momentum thickness, as in White and Nepf 2) , (36) where and .
(3) Kinematic eddy viscosity
In order to compare the theory with experiments, we make use of kinematic eddy viscosity values determined at the developed stage of perturbations, which are thus different from the kinematic eddy viscosity determined from (8) Using Bousinesque's hypothesis, is expressed by the Reynolds stress,
where is the water density. Fig. 6 shows the kinematic eddy viscosity determined from the above relation, which can be compared to the constant values of empirically determined by Ikeda et al. 5) presented in Table 3 . Although the Reynolds stress reaches its maximum at , is found to decrease at the vicinity of this point, resulting in the decreasing of around verified in the curves. In runs 1 and 5, the measured kinematic eddy viscosity was found to lie relatively far from the range of the curves, while the agreement was more reasonable in the other cases.
CONCLUSIONS
Nonlinear stability analysis was performed in order to theoretically obtain the fully developed stage of perturbations of a shear flow in a partially vegetated open-channel. The ratio between the minimum and maximum velocities in the channel was taken as the parameter for expansion in the non-linear analysis, and the wavenumber was adjusted to this expansion. The theoretical results were validated through a comparison with experimental measurements from previous studies.
The model was able to predict the shear layer width and the maximum friction velocity reasonably well. The eddy viscosity as a function of the velocity could be derived and it was found to be relatively coherent with the empirical constant values from a previous study. The gradient of the time-averaged velocity was well represented by the model.
Since the instabilities strongly affect the velocity distribution of a watercourse, and consequently its discharge without overflow, transport of substances, as well as its conditions for living species, the determination of relevant hydraulic variables in the fully developed stage of perturbations is important for both engineering and environmental points of view.
